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1. (10 points) Consider the regular curve

= (12.5).

Compute its Frenet frame, the curvature and torsion when ¢ = 1.

2. (10 points) Let I be an open interval around 0 € R. Given p € R?, a unit
vector u € T,R? and a smooth function k(s) : I — R, prove that there is
at most one unit-speed curve a(s) in R? such that

(a) a(0) =p,
(b) &/(0) =u
(¢) The signed curvature of a(s) is k(s).
3. (10 points)(i) Define a map F : RP? — R* by
(2 —y* 2y, x2,y2)
w2 +y? 422
Show that F is a smooth embedding.

Flz,y,z] =

4. (5410 = 15 points)Let M be a compact connected manifold of dimension
n and f: M — R be a smooth function.
(i) Show that there exists a critical point of f. (a point p € M said to be
a critical point of f if df, = 0.)
(ii) Define a smooth function f : RP" — R by

n+1

f([xlv e ’In-‘rl]) = Z k‘ri
k=1

Show that the critical points of f are uy, -+ , up41, where u; = [0,---,0,1,0,--

where the 1 occurs in the ¢ th coordinate.
5. (10 4+ 5 = 15 points)Consider the map F : R* — R? defined by
F(z,y,s,t) = (2% +y, 2> +y° + 5° +£* + y)

Show that (0,1) is a regular value of F, and that the regular level set
F~1(0,1) is diffeomorphic to S2.



. (10 points) Let M be a smooth compact manifold. Show that there is no
smooth submersion F : M — RF for any k > 0.

. (5 + 5=10 points)Find integral curves of the following vector fields on R?
0 0

—x

e E)Tc +ya—y.

Is this vector field complete?
(i) Find a nowhere vanishing smooth vector field on S?7+1.

. (10 points) Let M be a smooth manifold, and suppose f is a smooth
function defined on a closed subset A C M. Show that for any open set
U containing A, there exists a smooth function f € C*°(M) such that
f|A = f|a and suppf C U (f is smooth on A means there exists an open
set W containing A such that f: W — R is smooth).

. (10 points) Let X be a vector field on M. If there exists a local one-
parameter family {(Uy, ¢, €q)} of local diffeomorphisms corresponding
to X such that inf €, > 0, then X is complete.



